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Preface 




The reader who is not familiar with Pascaf s triangle should be warned 
that it is not a geometric triangle with three angles jind three sides. What 
*we call Pascal's triangle is an important numerical table, with the help of 
which a number of computation problems may be solved. We shall 
examine some of these problems and shall incidentally touch upon the 
question of what solving a problem ** can mean in general. 

This exposition requires tio preliminary knowledge beyond the limits 
oCthc eighth-grade curriculirffi, except for the definition of and notation 
for the zcroth power of a number. That is, one must know that any non- 
zero "number, raised to the zeroth po^er, is considered (by definition!) 
to be equal' to unity: = 1 for a ^ 0. 
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A Problem 
from fbe 

Eightii Olympiad 



During the Eighth Moscow Mathenk^cal Olympiad (4 945X the follow- 
ing problem was presented to the nin^ and tenth-grade partidpants: ^ 
A network of roads is given (fig. 1 . 1)) Fromrf>oi!Rt A, 2*^men set out. 
Half go in direction 7» half in direction m. Reaching the first intersection, - 

each group divides; half go in 
dir^tion A and half in direction m. 
. Sxfch a division takes place at each 

^ inteiiectfon. How many people 

arrive at each intersection of ilie 
lOOSth row?^ 

First let us observe that at the 
moment, we-do not know whether 
the problem has a solution ; that is, 
whether the division of people ran 
proceed as required by the pwb- 
lcm*s conditions. We know that if 
an odd number of people arrive at 
some intersection at which the usual division of the sJ^feMi of people is to 
take place, then the division is blocked. Consequently, for the probioin 
to have a solution, it is necessary and sufficient that an even number of 
people arrive at each intersection of each of the first thousancj row?, 
from the zeroth to the nine hundred ninety-ninth. We must make certain 
that this is so in the process of solviflg the problem. * 

Let us begin by introducing symbols for the number of people who pass 

i 

1. See A. M. Yaglom*and L M. Yaglom. Chailen^mg Matkein^icai Problems 
with Elementary Solutions (S^n Francisco: Holdcn-Day, 1964), 1:19. problem 62b. 

2. Consider the rows te be numbered, starting with the zeroth. Thus, in the^ 
zeroth row, there is.one intcrse9tion {A); in the first, two; in'thc second, three; ( 
and so on. • ' - 

1 




Fig. 1.1 
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2 A Problem from the Eighth Olympiad 

through each intersection of\our network of roads. The intersections of 
each row will be numbered from left to right beginning withnhe zeroth ; 
consequently' the intersecti6nS of the^wth row will be numbered from zero 
to n. The number of people who pass through the klh intersection f)f the 
nih row will be denoted by //%. Since it is not clear at the present tfme 
that the problem has a solution, we cannot be certain that all number^ 
H^'f, exist; that is, the number 7/'*^ exists for qach A' Trom 0 to n and for 
every n from 0 to 1000. It is, however, clear ^at some of these numbers 
exist. By virtue of the notation we h^ve introS^uced,. 

^%*=2^^^^ (LI) 

Let us noW determine how the numbers //"^ (A = 0, 1,2 n) and 

//'^■^i^ (A- =r 0, L 2, . . ., w 1) are related, under the supposition that 
they all exist. We «hall show that if all the numbers^// fxist and are- 
even, then all the numbers H"^""^^ exist. Let lis ex^amine the mh and 
{n -f l)th rows of intersections and the road segments which connect 
them. At each intersection we place the appropriate symbol for the num- 
ber of people arriving (see fig. 1.2), The numbeV of people who enter the 

K 

ft 

■/\/\/\/\/\ 

Fig. 1.2 

;^eroth intersection of the //th row (that is, //%) is divided by two, and 
only half of these people enter the zeroth intersection of the i^i + l)st 
row; therefore, * 

\ ' 



The other half of the people enter the firkt intersection of the 
(/? 4- l)th row and there join half the people who left the first intersection 
of the ^?lh row, who number //"J2. 

Therefore, //"'/f^ {//% + //"^)/2. In gencraUhc number of people 
who enter the A'th inteVsection of tfie (/i + 1 )th row is iht sum of half the 
number of people who left the {k - I)th intersection of the /ith row 

9 



, » * ; A Probi^m fram the Eighth Olympiad 3 

' (or W*fc.i/2), and half the number of people who left the kth inter- 
section of the nth row (or H\I2). Thus, 

' ^nM^ ^ foTl^k^n. (1.3) 



r 



Finally, the number of people who enter the (n + l)th' intersection 
of the<n + \)ih row is equal to half the numbpr of people who left the 
;ith intersection of the??th row: 

^ * . •\ ' . ■ . • ' . ' ■ ■ 

* . ' '^-v,^:^". . ; (1.4) 

The relations (l^O-Cl .4) allow us to establish the fact that the-problem 
has a solution. Actually, from equat!ons.(l -2)-(J-4) it follows that if for 
any fixe.d n all numbers of the nth row<//"o, ^"j, . . , , H\) exist and are 
divisible by 2a, then all numbers of the (n +4)th row (//""^^o. 
. . ., + exist and are divisible by a. For if we suppose that 
//%,//"!,...,//% ^exist ^nd are all" divisible by 2a, then there are 
integers (whole numbers) Af^o, M\ satisfying the relations' 

2aM\ 



Thus, we have (using (I,2)-(l.4)): 



- - 2 - , 2 

= g(M\_j + A/%) fori < A: 5 n; 



This establishes the claim that the numbers // " * // " * S, • ■ • . 'n+ 1 
exist and are all .divisible by a. 
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'4 A R-oblcm from the Eighth Olympiad 

Therefore, sjncc all numbers of the zcroth row (there is only one, 
exist md arc divisible by 2^^^^ (by M), we have verified that all 
numbers of the first tow, . ' 

exist and are divisible by 2®*®; all uumbers of tjie second row, 

. ^ f ' 

exist and arc divisible hy 2''^; and so x)h, until aB numbers of the 999^ 
row', . , ' . , ^ 

- iir 0> If • • • > ^ 999 * 

exist and are divisible by 2; and ail oumbcrs of the 1000th row, 

r/lOOO^ t/lOOQ S ,r/10Q0 

^ ^ 1000 » 

exist (and are divisible by 1). 

The relations (1. 2)-^ 1.4) not only show that the problem has^a solu- 
tion, but also pfovide a method for calculating the line of i^umbers 

^ Of ^ U ' ' 't *^ »+l 

from the line . . * 

Repeatedly applying these relations, beginning with the zerdth line (by 
using (1.1)), we theoretically can calculate the numbers //\ for all 
501,501 intersections in^H the rows through the lOOOth and, in par- 
ticular, for all intersections of the lOOOth row, thus solving the problem. 
The direct calculations for the first rows are: . 

LJQ 71000 UQ ^yiOQQ ^ 

0 - 2 '~ IT ^ , // ^ — _ _ ^ ^ , 

m 

fJl 9999 //I -L //2 _ ^^999 { '?999 

2 2 2 2 

2 2 2 2 

-^^'^ = 1" ^ 3 ■ 2»»'' ; and so on . 
z 2 0 



2 What It Means 

^ 4o Solve 

/ a problem 7^ 



Thus, the problem of chapter 1 is solved , . . * 

**How is it solved?" wonders an unconvin<^ raider (tW convinced 
reader knows in advance what the author is goii^ to say, and nothing 
makes him wonder). • I don't thaj we have solved it." 

Author: Well, of course wc have solved it. You know that to solve 
a problem means to find its solution. And we have ju§t founds the 
solution. 

Reader (irtdigfumtlj^): Is this really a solution? 

Author {pretending that he doesn't understand what the trouble is): 
Weil, is it really incorrect? 

Reader: No, "it" is correct, but *'it" is not a solutio^. ' , 
, Aun^^ But then what is a solution ? * "^^.^ ^ 

Read^i^A line of numbers showing how many people amve at each 
intersectioil of the thousapdth row. " * 

Author Bui there would be 1001 numbers in this line. Is it possible 
that the organizers. of the Eighth' Olanpiad wanted the participants to 
write 1001 numbers? ^^^^ 
• Reader becQrjies thoughtful. 

Author; I have a proposal. So as not to complicate the situation 
with long seqijcnces, let us select one intersection, and concern ourselves 
with ^ number of people who arrive there. All right? 

Reader agrees. ^ 

Author : Now what \(^iil wc consider t^^ a solution to the following 
problem: How many people arrive at tharfthird intersection of the 
fourth row? - * , 

Reader: Huh?AnSmber, 
, Author: Written how? 

Reader (amazed): Well, in tl^e decimal system. 

Author: But isn't an answer like "//V* a solution? 
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6 What It Means to Solve a Problem 

* ■ . ■ • 

Reader: Of course not. Some solution! 

Author: By continuing the scries of calculations which we began 
at the end of the preceding section, it is easy to verify that 2^®^ people , 
visit the third intersection, of the fourth row. Will the answer '*2^®^"^ 
be a solution to the problem? ' ' ■ 

Reader {still not seeing-the trap): Yes, of course. 
, Author: ^ut you. know that tfie expression '^♦2®*^" is not an expres- 
sion in the decimal system. This expression consists of /wo decimal 
numbers, 2 and **998," whose relative position shows what o^ration 
must be -performed upon them in order to obtain the desfc^nuiriber.' 
• Reader: the expression "2®^^" can easily be coiSKled into - 
decimal formA * 

AtiTHOR: Not so easily'; just try to raise 2 to the 998th power. But 
that isn't even the trouble; the'trouble is that just now you contradicted 
• your previous stateme'nt. Earlier, you agreed to consider only a number 
written jn the decimal system as a solution. From the point of view of 
this defi;aition, the expression *'2^®®" is still not a sOlutidrv (it is a so- 
-called half-finished product from whicif the solution may be derived). 
Of course, such a poin| of view is acceptable only if it is hdd con- 
sistently. Bi^nother {foint of view is possible, accojdfhg to which 2^^° 
is a solution. Such a point of view will probably, clarify the matter for 
you. You 1<now that often the simplest answers to mathematical 
problems come not directly irfthe fofm of a number written down in the 
decimal system, but in related " indirect'' form. With this in mind, what 
should we settle for as a "solution,'' in our example, to the problem of 
how many people visit the third intersection of the fourth row? 

Rhadkr : In our example, we must accept as a solulidn any expression 
fctr which there is a method which lets us get a numerical answef 
(written in the decimal system) from that expression. That is, 2®®^ will 
be a solution. Although the method of getting a decimal answer (997 
^ consecutive multiplications) is long,. it is feasible in principle.. 

Author: But then why isn't //^3 a solution? Here, too, there is a 
method of getting a decimal answer. It is given by the relations ,(1.1 )- 

(i.4r. 

Rf.adfr is perplexed- 

Author {satisfied that he has succeeded in leading the reader into a 
blind alley the inexperienced reader, that is: the experienced reader will 
. himself lead the author into a blind alley): The point is that there are at 
least three interpretations of what we mean by a solution to the problem 
of the number of peopte who visit a given intersection. 
^ First interpretation: By a solution, we mean a number written in the 
decimal system. 



What It Means to SoIf>€ a Problem ^ 

Second interpretatWn: By a solution, we mean some expression whicli 
designates a number/ and for which a method is known that allows us 
to get ihe designated decimal number (a ^o-called first-interpretation 
solution) from the expression^ r 
. Third interpretation: By a solution, wc-mean some expression Which 
designates a number (wri|ten in the decimal system) and which is made 
up of numbers and some operations considered "stahdard" (for 
instanc^;.^!j£^usuai arithmetic operations).V We require that each 
standard of^ation be accc^nj^ied by a method of -getting the. decimal 
result from the decimal numbers to which it is applied (as isihe case 
with the arithmetic operations). Then fpr :|ach expression which is 
allowed, there will exist a method allowing us to get the d«:imal 
number designated from the decimal numbers which arc part of the 
expression, so that a solution *Under the third interpretation will gutor 
"^matically be a solution under the second. 

^ Under the first interpretation, tieithcr H^^ nor 2^*^ is a solution to 
the problem of Ending the number of people arriving at the third inter- 
section, of the fourth row. To get*a solution, we must find a decimal 
-expression for 2^^^- however, this expression would consist of more 
than 30Q^digits, and could be calculated in a reasonable amount of timc^ 
on^i by a computer. 

Under the second interpretation, both H^^zM 2^^^ are solutions. ' 

In the case of the third interpretation, everything depends upon the 
choice of the ifjitial standard operations: If^exponentiation is included 
^mong them, then 2^®^ will be a solution: if it is not inchjded, then 2^^^ 
will not be a solution. If the standard operations include the operation 
// which calculates the number from the numbers n and k (note 
that the relations (1.1)-(1.4) give a method of performing such a 
calculation, so that the requirement we imposed^on standard operations 
is satisfied), then H\ will be a solution tp the problem; in the opposite 
'case, it will not. . 

The question of whether we may choose the standard operations 
arbitrarily naturally arises. Speaking formally, we may certainly do so. 
In practice, of course, we should choose as standard operations (through 
' which we are required to express the solution of any problem) such 
operations as are encountered in the solutions of many problems, or 
at least in the solutions of important ones. Such operations include 
the four arithmetic Qf^rations and several other operation?, such as' 

I. The set of standard operations nujst be indicated beforehand. H is importarit 
to emphasize that th^^third interpretation depends on the choice of this set. Thus, 
the expression 2«^» will be a solution under the third interpretation precisely if the 
* operation of exponentiation is iticluded as one of the standard operations. 




8 . What It Means to Solve a Problem 

exponentiation and the operation of taking factorials (see below, chapter 
6). If the operation H were needed for important problems or if our 
own problem about intersect^ns were very importani, then perhaps the 
operation H wbul'd deserve to be ranked with the sint^ard operations. 
. However, the operation H was undeserving before we introduced our 
proikm, and is scarcely worthy now. In section 4 we will examine an 
operation similar to H which, as we shall see, deserves to be included 
as a standard operation. v ' • ^ 

But now we must return to our original problem of the intersections 
of the thousandth row. Its solution may be sought in three forms, 
corresponding to the three interpretations of a "solution". described * 
above. 

1. In the form of a sequence of 1001 numbers, writtenxin.the decimal 
system. We shall not seek such a solution (since, we found it too difficiidt 
even to find such a solution for one intersection of the' fourth row). ' / 

2. In the form of an expression which in principle allows us to calcu- 
late the number (that is, to find a decimal representation of the number) 
of people who arrive at each intersection of the thousandth row. We 
have already found such a solution: //^'^O;^, for. which the prpcess of 
calculation is given by the relations (1.1)-(1.4). * 

3. In the form of an expression which not only allows us to Qalculate 
//'°% for any k from 0 to 1000, but which is farmed by 'means of 
certain standard operations. It is in this !"orn>4hat we shall seek a 
solution, fn the following exposition it will b^mne clear precisely which 
operations will be considered standard fqp^r purposes. 
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Pascal's 
Triangle 



Let us con&ider a sequence of numbei^ do^ V/^* - • - » 4i« some 
« = 0, 1, 2, . . , (for n = 0 this sequence "degenerates*' to the sc^iwnce 
consisting of the single number (/o)- From it, let us generate a new 
sequence of numbers Sq, . , , , s„+ 1, by the following rule: 

Sq — do , 

Sk^d^-i + d„ (l^k^n). 




We say that this new sequence is derived from the ori^iinal one by 
Pascal's relations. For example, from the sequence 2/0, -2, w^ inay 
produce (using Pascal's relations) the new sequenced, 2, -2, - 2, and 
from this one in turn the sequence 2, 4, 0, -4, - i^. /"'A 

The French mathematician and ^philosopher B^laise Pascal (l(623-~p2) 
investigated the properties of a triangular taWe of mHnbq;s, e^h row 
of which is derived from the preceding by th^ rel^iti^s (3,1^(3^3)* This 
table, which we shall examine furt^ba\4sno^^ as "Pascal's 
triangle." 

Remark L If the sequence jS is /ferived from the sequence a by 
Pascal's relations, then the sum of ^he elements of ^quence /J is equal to 
twice the sum of the elements of sequence a. For using the relations 
(3.1H3.3), / 

Sq + Si + S3 + ■ ■ • + + S^+l 

= do + Vo + ^^l) + (<^J + 4) + • ■ • + (dn-1 + d^) + dn 

= (do + do) + {di + di) + ■■■ + (d^ + 4) 

^2ido + d,+---+d^). • (3.4) 
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Pascal's Triangle 



Remark 2. We say that a sequence of numbers d^, 
if for every whole number k from 0 to /i. 



(3,5) 



For example, the fou^lement sequence 1, 0, 0, 1 is symmetric. 

A sequence Sq, , , ^n+i which is derived from a symmetric sequence 
dQ,..,,(in by PascaFs relations is itself symme|rid. To establish this, we 
must verify the relations . / ' ^\ 

> ^ Sk ^Sin-^\)-k • (3-6) 

fork = 0, 1,2, 1. But for f Oand/c = n + 1, the equation 
(3.6) follows from the relations (3.1) and (3.3) and the .x^cndition 
do = f/n (which we get from {3,S)/dv k = 0). For I :S j^^^ 



^fe = Jfe-i ^ die - dn^^ic^^^i,+- ^n-k - i^<yj.l)-fe +^ 



■1 + ^fVtl)--^ " ^in^D-H 



(3.7) 



In the case of oyr example^ application of* Paul's relatiohs to the 
sequence 1,0,0, 1 yields the fi^^-^l^i^ent .seq)i^nce 1, 1,0,1, 1 which 
is i^if symmetric. ^ 

I^et us now look at the sequence 'Con>istii4 ^he single number 1. 
We shall call this sequence Poseurs zerotfy sequence. From it, vve may 
use Pascal's relations to generate a i?ew j^quence, which we shall, call 
Pascprs first sequence. Applying ^PascaFs relation^ we may then 
generate Pascars second sequence from FuscaVs first sequence, and so on. 
^ncc in'^ach transition to a new s/quencc, the number of sequence 
elements is increased by one, there will be w + 1 numbers in Pascal's ^th 
sequence. Without carrying out /any calculations, .we observe that 
remarks 1 and 2 allow us to conyiude: 

1. The sum of the numbers /n Pascal's nih sequence is 2" (since in 
prqcccding^TFQm one s^quenc/ to the next,* the si^m of the numbers is 
doubled, and tl^^^um of the /umbers of the /eroth sequence is 2^ 1). 

2. AI! of Pascal's seque/ces arc symmetric (since the property of 
symmetry is preserved in n6ssing from one seq^ience to the next, and the 
zeroth sequence is symni/tric). / 

Let us write down Pascal's sequences,^one under another, so that each 
number of each scquenfce is found, between and below those numbers of 
the preceding row fvjbm which it is calcuhited. We obtain an infinite 
table, called Pascarl triangle, which fills the interior of an angle; any 
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segment of it, composed of the zeroth through wth rows, forms a 
triangle. A segment of Pascal's triangle, consisting of the first fifteen 
rows (the zeroth through the fourteenth) is presented in figure 3.1. 

Pascal's triangle is symmetric about the bisector of the angle whose 
interior it fills, a consequence' of the fScf that each of its rows is sym- 
metricl The numbers in it also satisfy a number of interesting properties. 
.F(Jr example, the sum of the squares of the elements of any row is equal 
to some clement of the vertical column along the bisector of the an^e. 
For any prim^umber p, all elements gf the Pth row, except the first 
and last, are d^isible by p} (A prime number isa^itive whole number 
whose only positive whole number divisors are itself and 1.) 

It is clear that a method, of constructing Pascal's triangle may be 
given without relying on the notions of " Pascaj;s relations" or "Pascal's 
sequences": Pascal's triangle is simply an infinite numerical table in 
"triangular form" in which each entry along^tie sides is I, and in which 
each of tR^ther entries is the sum of the two entries above it (to the 
right and to the leCt). The triangle first appeared in Pascal's paper 
"Tr'^atiseon the Arithmetic Triangle," published posthumously in 1665. 
In that work the table reproduced in figure 3.2 was published, in which 
each entry is the sum of the preceding entry in the same horizontal row 
and the preceding entry in the same vertical column.^ ' 

1 More of these properties arc described on pp. 3(^-40 and 50-53 of the book 
'problems in the Theory of Numbers by E. B. D*;nkin and V. A. Uspenskii (Boston: 
D. C. Heath and Company, 1963). . 
2, Sec B, Pascal. Oeuires completes, vol, 3 (Paris: Hachctteet C ie. 1908), p. 244. 



18 



1^ J * , Pascal's Triangle 



I " 


1 


1 


1 


i 


1 


1 


2 


1 < 




1 


2 

1 


3 


4 


5 


6 


7 


• 8 


9 




1 


b 




10 


IS 


2] 


28 


36 






1 


4 


10 




35 


56 . 


84 






1 


5 


15 


35 


70 


126 








i 


6 




56 


126 








• 


1 


7 


2r 


84 . 












— t - 


8 








< 










9 ' 



































- % 



Fig, 3.2 • 

'nais, what wc caU "PascaTs triangle" differs from' the "triangle" 
* examined by Pascal himself by a rotation through 45°. 

Pascal investigated in detail the 'properties and applications of^iis 
"triangle"*; several such applications vnll be examined in the following 
section. For the present. We shall examine three of t^ie "triangle's" 
properties which were first noted by Pascal himself For this purpose 
(and only at this point in our exposition) we shall consider that arrange- 
ment of the triangle in the plane which Pascal employed, and we shall 
speak of "rows" and "columns," • . ' 

PC^erty 1.^ Each number A in the table is the sum of jthe r^mbers in 
the preceding row, ,from the leftmost to the number which stands 
directly above A (see fig. 3.3, in which the squares containing thf 
summands which give the sum A are shaded). 

Property 2. Each number A in the table is the sum of the numbers in 
the preceding column, 'from the topmost to the number standing 
directly to the left of A (fig. 3.4). 




P«8- 3.3 Fig. 3.4 J Fig. 3.5 
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Properly 3. For each number /4 in the table, A - I is equal to the 
sum of^all the nymbcrs contained in the rectangle bounded by that 
column and that row whose intei«ectton is the entry A (this row and 
column is not included in tlje rectangle; fig. 3.5), 
. The proof of property 1 is by mathematical induct (an, a convenient 
method of proof for assertions about the nonnegative integers (whole ^ 
numbers)., The proof of such an assertion for all nonnegative integers m 
invcrfves two steps; (I) ^tablishing the assertion for m 0; (2) a proof , 
that the validity •of the assertion form^k implies its validity for 
m - it +1. ' :[ ^ . ' - \ ' 

Once these two "feequiiemeW are "Satisfied, the^dt^ircd a&scrti^is 
provcd'for all nonne^fivc integers m,"for since the tnfth of the asscnion 
for m' 0 is established in the first step, th^ second step allows us to 
conclude th,^t the assertion is true for m = 1. Appiying the second step 
again, we may conclude that the assertion is true for /» 2, and so on- 

Property 1 may be proved by mathematical induction as follows: 
Number the rows and columns (starting from the top and left) of 
the triangle pictured, starting with zero. Let A"^^ denote the entry in the ^ 
nth row and mth column. The assertion is that A""^ is the sum of the 
first m + 1 entries of the (rt - l)th row, or 

^ A^-\ +^A^~\ + /f^-^«. (3.8) 

* . ■ 

Step L If m = 0, equation (3.8) becomes 
•-■ A^0 — A^ ^0 * 

« 

Since A^'o =^ A^'^q ^ h the assertion holds for m = 0. 

Ste^ 2. Assuming (3.8) for m ^ k, and using the fact that each 
••interior'' entrv is^the sum of the entry immediately preceding it In its 
column and theeir^ immediately preceding it in its row, we obtain 

' ■ A\ + A^-\^^. 

= A^-\ + A^~\ A--\ + A-'-K^, (3.9) 

by using our assumption ("inductive hypothesis'') on k, that 

Since (3.9) is a restatement of (3,8) for = 1, we have shown that 
the truth of our assertion (property 1) for ;h ^ k implies its truth for 
m ^ k ^ 1. This completes fhe second step of the proof. 
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Property 2 may be proved by pciforniiag an induction on n rather - 
than m ; property 3 foUows eilKer from property 1 by induction on n i>r 
from property 2 by induction on w. \ 

More than'a century before Pa^^I's treatiser however, an interesting 
table— not in ''triangular." but in "r^tangular" form— was pubfished 
in the General Treatise on Number and Measure (published in 1556-60), 
which also appieared after the death of its author, the distinguished 
Italian mathematician Niccolo Tarfaglia (1506-59). Tartaglia^s table 
had the form shown in figure 3.6.^ ' ^ ♦ . it ' 
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Fig, 3.6 







Here each entry in .the zeroth row is 1 ^in each of the remaining rows 
the leftmost {zeroth} entry is 1, and each succeeding entry is formed as 
thKsum of the two entries 'directly before it and above it. The table 
' whioi Tartagli^ introduced is called (naturally) '*Tartaglia's rectangle/' 
. The\lement^ of each of Pajjcai's sequences are usually numbered from 
left to nght, beginning ^djii the zeroth. Thus, the second place m the 
fifth row is occupied by^ffie^umber 10. The number occupying the A'th 
place in the nih row will be denoted by so that, for example, 
r% ^' U T^2 =^ ISf'T^^S =^:viOO]. The expression T\ will obviously be 
defined for any n > 0 and A* ^ 0, 1 , . . . , 

Let us examine the infinite sequencs formed by the numbers % for 
ariy fixed. A and variable,/?, t^hat is, the sequence 

This sequence begins with T^^, since the Ath row is the first row which 
has a Ath entry. Its elements are the numbers in Pascal's triangle occur- 
ring in the *'A:th line from the left, parallel to the left side," and also, 
becali^ of the triangle-s symmetry, the numbers occurring in the ''Ath 

3. See G. G. Tseiten, Istoriya matematiki v xh i XVII vekakh tThe history of 
mathematics in the sixteenth and seVenteenth cerituries] (Moscow-Leningrad: 
GONTl, i938), p. 116, 
\ 
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1,1,1, 1,1,1,... 



' (the zeroth column or the zeroth row in^Tartaglia's rectangle). 
For k 1 '^e get thef sequence of neural numbers 



(the second row or second column of Tartaglta's rectangle). The elements 
of this sequence are called triangulgr numbers^ the mih triangular num- 
ber is 7""^^, so that 1 is th^ first -triangular number, 3 is the second 
triangular number, and so on. This name is a result of the fact that the 
mih triangular number ^2 is the nymber of spheres (or other identi- 
cal objects) which can be packed in the shape of an equilateral triangle 
whose base is made up of m spheres (see fig. 3,7). In |iarticular, the mih 
triangular number is the number of elements contained in the first m 
rows of Pascal's. triangle, from the zeroth to the (m - l)th. , 
Letting k = 3, we get the sequence^ 



(the third row or third^'column of Tartaglia's rectangle). The numbers of 
this sequence are called pyramidal numbers, or more precisely, tctra- 
hedral numbers', I is the firsMetrahedral number, 4 the second, 10 the 




.7 



1,3, 6, 10, 15,21,... 



1,4, 10, 2Q, 35, 56,... 



O 




o 




o 

o o ■ 
■ 000 



Fig. 3.7 
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|hird, and so on, so that the fMh tctrahcdral iiuniber i^T^^%. The mth 
tctrahcdral number 7^* ^3 is Uit number of spheres which can be packed 
it the shape of a tetrahedron (triangular pyramid) with an e(Juilatcral 
tri^gular base of side m (sec fig. 3.8).* ^ 

o 




4. Triangular an^ pyramidal aumbcrs {which arc special cas^ of the sos^alied 
figure numbers) were of interest tp the ancient Gr^ks, who attributed mystical 
properties to them. Of the writing$ preserved today in which ih^ numb^ arc 
examined, the earliest is probably Introduction to Arfthmetic^ by the ancient Oi^k 
mathematician Nicomachus of Gerasa, Avho lived around a.d. 100. See D. J. 
Struik, A Concise ffistoryof hfathematics (New York: EtoVcr PubJicatiops* 1967), 
p. 72; B. L. van dcr Wacrdcn, Science Awakening (New York: Oxford University 
Press, 1961, pp. 98-1(100). According to indirect information, however, polygonal 
numbers were studied considerably «riwr, in the 2d century b^c, and even earlier, 
in the 5th century s.c. by the famous mathematician Pythagoras an<^his sludents, 
the Pythagoreans (sec pp. 46-47 of the above book by D, J. Stru>k). 



Operation 



By virtue of their definition, the numbers 7% arc subject to the 
following relations: 

7^+1 = - 1 for « = 0,1,2,..., (4.2) 



r«*\ = r fc. 



+ r% fSr n = 0, 1, 2, . . .; ^ = 1, 2,4- « • (4.3) 



The numbers 7% arc completely determin^i by these relations; using 
the equations (4,IH^.3), wc may construct as many rows of Pascal's 
triangle as we wish. 

The definition of r\ may be extended in a natural way so that it 
makes sense for any nonncgative integer n and any integer ^, To do this, 
we set r\ = 0 for n ^ 0 and for k such that 0 > k or k > n. Thus, 
r\ = 0 for all pairs {n, k) for which ^ 0, ^ < 0, and for all pairs 
k) for which n >0,k > n. The relation T''^\ ^ T\^^ + T% will 
then be satisfied for all k (and not only for k from 1 to as in [4.3]), and 
the numbers T^;, will be completely determined by the following 
equations: J, i 

r% - 1 , * , (4.4) 

- 0 ? . for A: ^ 0 , (4.5) 
j^n+i^ ^ T^n^ ^ ^ r\ for all « ^ 0 and all k . (4.6) 



These relations permit us to give a graphic representation of the 

17. 
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generation of Pascai^s triangle* Let us consider an infinite table (X 
zeroes, arranged in staggered rows, as shown bdow: ^ 

' J,. 0 0 0 0 s... 
...,0 0 0 0 0 .... 

.... 0 0 0 0 

0 0 0 0^0 .... 



It is clear that such a tabje satisfies Pascal's relations, which require each 
number to be tht sum c^thc two neare^numbers in the prct^ding row,^' 
We now imagine that ohe of the zeroes in the first'row of this table is 
replaced by a one. If Pascal's relations are to bf preserved, then the 
" perturbation " will ** enlarge to an angle' —j^st like a wave in*i broojk 
when disturbed* by a stick— in the form of Pascal's triangle: 

/. , . 0* 0 1 0 ^ , . , . * 

. . . . d 0 1 1 0 0. , . . . 

- - ' '..,.01210..,. A 

.... 0 1 0 3 r 0 ... , 



given arbitrary n and & (/i = 0, 1, 2, , , . ; ^ 0, 1, . . . , n), if would 
be possible find r\, if we had sufficient time and patiepra, by 
writing out Pascal's triangle anq(*eontinuing until we arrived at the kth 
number of the nih row. Or we Wuld takfe advantage of the relations 
(4.1H4.3) whieh permit us to 'determine r\ ^^erforming a finite 
number of additions. 

leave it as a problerfi for the reader to determine the minimum 
number of additions which must be carried out to calculate r\, using 
the relations (4.1)^4,3)^ for given n and k. (Hint: Try to take advantage 
of the symmetry of Pascal's triangle.) 

1 . Wc will consider an infinite row 

to\>c derived from the infinite row 

. . fif-a.^-i, ^0. ^1. ^3. . . . 

by Pascal's law, when sic = 4 ^4 for each k. The definition Pascai's law 
for finite rows followsfpom this if each finite row \ , 

is identified with the infinite row y 

.... 0, 0, 0, Jio, * ' • • 0. 0. 0, ... . 

\ c 
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Let us agree to call the operation of calculating^^ from the numbers 
k and fl, Pascal's operation. PascaFs operation is then ditincd for any 
n and k for which n ^ 0,0 ^ k :^ n.^ 

• But if we redefine T^^^ according to relations (4.4H4.6), then Pascal's 
operation will be defined for any nonnegative integer n and any . 
integer k. ' - i 

With^the h6lp of PaStaFs operation, it is ea#J; to write down the 
numbers //\, which serve as p solotion to the Olympiad problem of 
, section 1. To find the^ numbers, we first defihe (fpr m = 0, I, . . . , 1000; 



V so that ^ ' 

2^<^^^-«Z%, ^ (4.8) 

Then, from the relations (4.7) and (1 J), we get 

• 2% = ^^2^^^^=: 1. (4.9) 

In the relations (1.2), (1.4), arftJ (1.3) we may then replace the number 
//% by its expression in terms of Z% given in (4.8). We get, from (1.2), 

from which we obtain 

Z^^^o - Z«Q. . ' ' (4.10) 
In exactly the stime way, from (L4) we get 

niOOO-n^n 
2^^^*^^'*'*''^^Z**'*'^a^l — — _ — -J^ , 



2. Pascal himself (proceeding from the rectangular arrangement of the table, 
wbich he proposed— see fig. 3.2, p. 12, above) examined a different operation in 
his treatise, tha^ of finding the number standing at the intersection of the xXh 
column and the ^th row {with the rows and columns numbered beginning with the 
first, so that this operation is defined for .^r ^ 1 , ^ I) from the numbers x and y. 
If this number is denoted by P{x^ y), then, as one may easily verify, F{x, y) - 
r-^"^*^ ^-1. from which r% ^ P{k 1./? - A -f I). 

3. Since 2 to the zcroth power is considered to be equal to I, for m — lOOti, 
equation (4.7) takes <he form Z^°^% // 
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from which . • 

=Z\. (4.11) 

Finally, from (l,3)'we get . ^ 

2iooo-<n + i)2'* + i.^ t=.z ^ '^-^ ^ , I <.k <n, 

. , ■ 2 . ^ 

■ ' ^ 

from which • 

Z« + ^fc = Z\_a + Z*« ,!<;:<«. (4.12) 

• • - 

the equations (4. 10H4 J 2) show that each sequence 

U), + l — S,Z. o.» • ■ ■» ^ 8+1/ > , 

where n = 0, 1, . . . , 999 is obtained from the preceding sequence 

t.>»'=<Z-o,...,Z\>' 

according to Pascal's relations. Since, as is clear from equation (4.9), 
the initial sequence 

is Pascal's zerqth sequence, then the sequence fpUowing it, a>i, is Pascal's 
first sequence; the sequence is Pascal's second sequence; aiid so on. For 
each m from 0 ^o 1000,* the sequence cu^ h Pascal's mS.h sequence, and 

'z% = T%. (4.13) 

.Consequently, by (4.8), for-each nj = 0, 1,..., 1000 and for each 
. ^ = 0, \,.'..,m, 

= 2^°°°-'"T'»g. (4.14) 

In particular, for m = 1000, 

^ . }/iooo^ = 7'"°%. (4.15) 

' 4. For m > 1000, the sequence wm is not defined. 
/ ^ 

/■ ' ■ - 

'27 . 
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Thus, the number of people who arrive at an intersection in the thou- 
sandth row is simply an element of Pascal's thousandth sequence! If 
Pascars operation is considered to be standard, then equation (4.15), 
gives a sofUtion to the problem of section 1 (in the third form discussed 
at the end of .chapter 2). In the fojlowing two chapters we shall see how 
two important problems can be solved with the aid of Pascal's operation. 



5 Binomial 

Coefficients 

1 ' 



In this section we shall find expressions for the so-called binomial 
coefficients by using Pascal's operation. In order to define the-binomial 
coefficients, we take the binomial 1 + x and raise it to powers 0, 1, 2, 
3, , . . , arranging the terms of the resulting polynomials in order of 
ascending powers of the symbol x. We get 

(1 + == 1 ; (5.1) 

(1 + x)'=-^+x, (5.2) 

(I + xf = i\ + x){\ + x) J I + 2x + x^ , (5.3) 

. (1 + ;c)3 = (I + xYij^) - 1 + 3x + Sx' + x', (5.4) 

and so on. 
In general, for any nonnegative integer n, 

(1 + xT = flo +'aix + a^^^ +■■■+ a^", (5.5) 

where flo.a,, . . ., are constants. If you wish, yo^ can easily verify 
that p = « and that Oo = % = 1 ; however, we do not need this now. 
Somewhat later on, we^wiU obtain this resuft as a consequence of a 
more general formula. At this stage, it is sufficient for us to know that 
the result of raising the binomial 1 + x to the power n (where n is a 
nonnegative integer) may be written as a polynomial with integral 
coefficients, arranged in order of increasing powers of the letter x, as 
exhibited in the relation (5,5). this polynomial is called the binomial 
expansion of{\ + xf. Of course, its coefficients (and/? + 1, the number 

22 
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of them) depend on n. In order to stress this dependence, one often 
. makes use of expressions for these coefficients in which wappe^ Specifi- 
cally, the coefficient of in the binomial expansion of (1 + xT will l>c 

designated by The numbers ^ are called binomid coefficients, 

. The relation (5.5) may now be written as 

and from tlie relations (5JH5.4), we get 

(c)- (a)- 

We see that for the exponents n = 0, 1, 2, 3, the rows of binomial 
coefficients coincide respectively with the 0th, 1st, 2d, and 3d rows of 
Pascal's triangle. We shall now show that the analogous relations hold 
for each n. To do this, we shall look at how the sequence of coefficients 
for (x -f l)'*^Ms derived from the sequence of coefficients for 1)% 
taking advantage of the formula 

{\ + ^ (1 + xYH + X). (5.7) 

Let us write down the expansions for the Icft^and right sides of this 
formula in ascending powers of the letter x. For the left side, formula 
(5.6) gives (by substituting n + ] for n) 
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for some q. By virtue of the same formula (5.6), we have for the right 
side: 



Because of (5.7), the right sides of (5.8) and (5.9) arc equal. Therefore, 
^ = p + 1 ; equating coefficients for identical powers of the letter ^, 
we get 

• (2)' 



(5.12) 



The relations (5.10)-(5.12) show that the ^quence of coefficients of 
the binomial expansion of (x + !)"■'* are derived from the sequence of 
coefficients orthe binomial expansion of (x + \T by Pascal's law. Since 
the sequence o? coefficients of the binomial expansion of {x + 1)° 
coincides with Pascal's zeroth sequence, all succeeding sequences of 
coefficients also coincide with the corresponding rows of Pascal's 



''^^ \ . triangle. Therefore, the numbers Q are defined only for k = 



\X^^,. . with 
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Remark* The question "What coefficients do and have in the 
binomial expansion of (x + 1)^?** may be answered, **Thc coefficients 

arc zero/' Therefore, the expression ^ may be defined in a natural 

manner f(M- the cases A' < 0 and k > nhy setting ^ ^ 0 in these cases. 

Then the Equation (5.13) will hold, true /or all nonnegativc n and all 
integers k, by virtue of the redefinition of the symbor 7*% which was 
made in the preceding chapter. 

Thus, we have expressed the hi^KnTftaTcocfficicnts in terms of Pascal's 
operation. We may now rewrite equation (5.6) in the following^ forrfi: 

(1 + xT - T\ + T\x + T\x^ + • • • + T^i^ + (5.14) 

Formula (5. 14) is sometimes called Newton's binomial formula, or simply 
Newton' S'formu/a.^ Another more traditional expression of this formula 
will be presented in chapter 7. 

In a certain sense, this sectiori has provided a "solution" to the 

problem of finding an expression for the binomial coefficient ^^j. 

Recalling chapter 2, we know that we have more than one criterion for 
the "solution" of a problem. For example, if (under the sKond inter- 
pretation) a solution is considered to be an expression which allows us^^ 

to get the binomial coefficient from n and /c, then ^0 is itself a ^ 

in t^rms of the 

numbers /; and k and certain standard of>erations (as in the third inter- 
pretation), our concept of "solution'' wilUdepend on the collection of 
standard operations chosen. If Pascal's operation is considered standard, 
then (5.13) is a solution to the problem of finding the binomial coeffi- 
cients l^^j. Another solution, to this problem, corresponding to a 
different collection of standard operations, will be given in chapter 7, 

I. Formula (5.14) was known long before Newton: in particui^u, lartaglia had 
already mentioned it. Newton's name is connected with the formula only because 
he pointed ou\ a mctht)d of generalizing this formula to ihc case of an arbitrary 
ralional (including negative) exponent in 1676. 
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The NuiBber of 
Subsets of 
a Given Set 



In mathematics, any collection of objects is called a set. Thus, 

(a) the collection of all pages in this booklet, 

(b) the collection of all integers, 

(c) the collection of all even numbers, 

(d) the collection of all the pencils in a certain box 
are all sets. 

If some object and some set are given, exactly one of the following 
two statements is true: 

\ 1. The object belongs to the set. 

V\ 2t The object does not belong to the set. 

\ In the first case, the object is called an element of the set. For example, 

V the number 3 is an element of the set of all integer^ and is not an 
\ , eliment of the set of all evsn numbers. 
I ' It may hap^jen that all elements of some set A are elements of another 
.. J|| set B (for instance, all elements of the set of all eveh numbers are 
elements of the set of all integers).. In such a case, the set A is said to be 
contained in, or a subset of, the set 5. Obviously, every set is a subset 
of itself If the set Aha subset of the set fi. and the set fl is a subset 
of the set A, then A and B consist of the very same elements, and are 
equal. 

Sets can be finite (like the sets in examples (a) and (d) above), or 
infinite (hks the sets in examples (b) and (c) above). Finite sets (and we 
will study only such sets in this section) are the subject of a pl(picular 
discipline in mathematics -that of combinatorial analysis. 

A particular set stands out among finite sets: the set containing no 

<6 
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»^ elements, the sixiiiftd empty set. Thus, the possibility is taken into 
" account that on opening the box in example (d), we dfscover that the 

set of all pencils contained in it is empty. The empty set is considered 

to be a subset of eve^ set. 

If a set is finite, then its elements may be numbered to find how many 

elements are in the set. A ^t which consists of n elements is called an 

n-ekment set. The set of pages Of this book is a 44-eIcmcnt set, for 

example, and the empty set is a zero-clement set* 

Example. Let us examine a set consisting of three objects, a pencil, 
a pen-, and an eraser, and determine all of its subsets. There is exactly 
one zero-element subset, the empty set. There are exactly three one- 
element subsets (fig. 6.1). 




u 

Fig. 6.1 

There are exactly three two-element subsets (fig. 6.2). 




Fig. 6.2 
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Finally, there is exactly one thiw-clcmcnt subset (the set itsdO (fig* 6-3)- 




Fig, 6 J 



Thus, our set has eight subsets in all. 

Let an n-clement set be given; any ^-element subset of it is <^!ed a 
combination of the n given elements taken /: at a time. It is obvious that 
the number of combinations of fi given elements taken at a time docs 
not depend on the n given elements, but only on the numbers n and k. 
The number of combinations of n elements taken k at a time is denoted 

^ k * ^ 

Put differently, C% is the number of Ar-clemcnt subsets of an /i-element 
set. The expression C% is usually considered to make sense for /i = 0, 
1,2, andO ^ :S n-^ 
The total number of subsets of an /i-clement set will be denoted by 

so that 

c. = c*o + c^ +•••+ c\. (6.1) 

What are the numbers and C%? We can answer this question in a 
few specific cases at once- From the example just investigated, we know 
that Q - 8, C% = Q\ - 1, and C\ - C\ - 3. 

Furthermore, we can verify the three properties listed below. 

First property of the number of combinations: 

C% = C% « 1 . (6.2) 

Proof It is clear that any w-elcment set S has exactly one zero- 
element subset (the empty set) and one m-elcmcnt subset (the set S 
itself). 

1 . However, the dcftnition can be extended to make sense for k > nby setting it 
equal to zero in this case (sincx for ^ > « no A^iement sub$^ exists). 
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Without actually calculating the numbers C*^, wc Shall now establish 
two more properties of these num&rs* The proof of the second property 
is a helpful exercise in the mastery of the concepts put forth in this 
section; and the third property, together with the first, is a basis for 
calculating the numbers CV 

Second property of the number of combinations: ^ 

. C\^C\^^. (6.3) 

Proof . h^t us consider any ^-element set Af. We must show that the 
number of /c-elcment subsets of M is equal to the mimbcr of (n — ky 
element subsets of M, Let us carry out the following construction 
mentally. From paper, we cut out as many squares as we have it-element 
subsets of our set fthat is, C\) and on each of them, we write out one 
of these subsets, soTKat each /:-eleraent subset will be list^l on exactly 
one square. Let us also cut from paper C%^ie drcl^, writing each 
(;i — jt)-element subset on some circle. It is now sufficient for us to 
show that there are equal numbers of circles and squares. Fqt this 
purpose, wc lay all the squares on a table, and on each of them we place 
a circle, according to the following rule: If some it-element subset of -' 
the set M is listed on a square, we pla(X on this square the circle on 
which is listed the subset of the set M consisting of the remaining 
elements 



a b c 




Empty Sat 


d e 







Fig. 6.4 " 

(for the case of a five-element set M, consisting of the elements a, b, r, 
e, several squares together with their corresponding circles are shown 
in figure- 6.4). It is evident that on each square there lies precisely one 
circle^ and that each circle will be placed on precisely one square, 
implying that there are exactly as many circles as squares. 

Before going on to the third property, let us prove the following 
lemma. 
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Lemma. Let us choose some element a in an {n ■¥ Xyelement set S. 
The number of k -element subsets of this set which contain this chosen 
element is equal /o C^-i. 

Proof. Again, let us conduct a mental experiment with circles and, 
squares. We cut from paper as many squares as there are ^-clement 
subsets containing the chosen dement, and on each of these we list one 
such subset, so that each of them will be represented once. We then cat 
from paper C^-i circles, and on cacif circle we list one of the (k - 1)- 
element subsets of the wrelement set of all unchosen elements, so that 
all such subsets will be depicted (there are n unchosen elements, and 
therefore C"t-i such subsets). On each square we plaa a circle, accord- 
ing to the following rule : If some subset A is depicted on a square, then 
on that square must be placed the circle listing the set derived from^ 
by removing the chosen element. It is clear that on each square there lies 
exactly one circle, and that each circle is placed on exactly oije square, 
implying that the number of squares and the number of circles are both 
-equal to C\-.i. Since we cut out as many squares aflhere arc /r-clement 
subsets of the {n + l)-ele^ent set containing the chosen element, iU 
. number of such subsets is equal to C\_i, which is what we were 
required to prove. < 

We now go on to the third property of the number €\. 

" Third property of the number of combinations: 

C"*^ = C\-i + C\, \ ^n. (6.4) 

Proof. Let us take an arbitrary (« + l)-^iement set M and compile all 
its A: -element -subsets. From M we choose some element a. We denote by 
X the number of jt-element subsets of the set M which contain the 
element a, and we denote by Y the number of -element subsets of the 
set M which do not coatain a. Then 

But by the lemma, X - C",. Moreover, X is simply the number of 
combinations of the n unchosen elements taken ^ at a time, that is, C\. 
Therefore, 

C"*^ = C\_i + C\, - (6.6) 

which is what we wanted to show. 
The third property, together with the first, shows that the sequence 



(6.7) 
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is derived from the scqtience 

by Pascal's relations. Since for n =^ 0 the sequence 

o% 

. coincides with Pascal's zeroth sequence, we know that for any arbitrary 
n the sequence (6.8) will coijicide with Pascal's nth sequence, and thus, 

C\ = T\. (6.10) 

Thus, we have a mcaps of calculating the number of /c-elemenf subsets 
of an //-element set, that is, the number of combinations ofn elements 
taken /: at a time <in this .way, formula [6.10] gives a solution-to the 
^'problem of the number of combinations/* under the condition that 
Pascal's operation is considered standard).^ 

Finall>;,"the relations (6.1) and (6J0) show that the number of ail 
subsets of an /z-element set is equal to the Sum of all the entries in 
Pascal's nth sequence. As we know, this sum is equal to 2'*, Conse- 
quently, 

C„-2^ (6.11) 

2. The reader will find a different solution, with different standard operations, 
in section 1. < 



(6.8) 

(6.9) 
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l%e Coimectioii \ 
. with Factorials^ 



In chapter 4, two methods of calculating the number tK from the 
numbers n and it were pointed out: the more "mechanical" Wthod of 
writing out Pascal's triangle (which, however, leads to superfluous 
calculations), and the method more economical with regard to the 
number jrf" steps (which, however, requires a certain organization of 
calcul^uons), consisting of repeated application of the relations (4-.1)- 
(4 J^TThese two methods arc very similar, for in both cases the numbers 
% are obtained using Pasco's relations. However, there is anotheir 
method of finding r%, which we shall now discuss. 
First, let us introduce a new symbol. We set 



0! - 1 , 

and foY each whole number m, we define 

ml => im - 1)1 m . 

Thus, for m > 0, 

ml « i-2 m. ■ • 

Tlfc expression ml is read "m factorial."' 

w5 shall now express Pascal's operation in terms of arithmetic opera- 
tions and the operation of taking factorials. For this purpose, we 
examine the following expression: 



ml 



gl (m - g)\ 
32 
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Let us denote this expression by F^. It is clear that the expression 
f % mak« sense for m ^,0, Q g < m.V^t notice that 



0! 
010! 



F% = ^ = 1 



Furthermore, 



1, 



/n!0! 



= 1 



Finally, 



+ 



{k - - A: + I)! ^ ^'! (/J - it)! 



(A: - I)! {n - k)\{n - k + X)^' {k - \)\k{n -.k)\ 

,n\ 1 , 1 

ik- \)\{n - - A: + I JtJ % 

yj! w + 1 (n -t- 1)! 

' - 1)! {n - k)\'4in - k + \) k\{}i+\ - k)'f 



- F«+S. \ <k <n. 
Thus, the setjuence 

is Pascal*s zeroth sequence, w!hi!e the (n + l)th sequence 

^ 0> ^ 1^ ^ 't ^ »+l 

is derived fror^ the /ith sequence 

^ 0» * !♦ ' • - ♦ ^ n 

by Pascal's relations. Therefore, for any /« 0, 1, 2, , . the sequence 

. f 

coiiicides with Pascal's /wth sequence, and 

4 X n • 
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. '-f * . , * ' , 

Hence, 

\ ' * 

We have thus expressed Pascafs operation in terms of the operations 
of taking factoriais, subtraction, multiplication, and division, in the 
sense that we have found an expression for r*'^ containing only m, 
and the symbols for the indicated dperatiorl. This permits us to calcu- 
late T'^Q directly, since we art able to calculate^ factorials, differences^ 
products, and quotients. » i 

Several Interesting corollaries follow quickly fron? the formula for 
just calculated. 

Corollary 1. Canceling (m — ^)! in the numerator and denominator 
of the expression for we get 

" ql (m ^ cji)\ I 
^ m{m- l) - [m-{g ~ mm - q)\ 

= ^(w - \)- ■ -Im - {q - I)] 

d ig - !)• ... -1 

, ) , , 

Corollary 2? Lef m ^ \, m > g > I, The product of the q factors 
m{m - \)' - [m - (q - 1)] is always divisible by the product of the q 
factors \'2' ■ -q. 

Specifically, because of corollary 1, the ratio of these products is 
equal to T"^^, a whole ni4mbei^* > 

Corollary 3. From the relation (^AS), we get 

' ql{im~q)\ 

This is a new form of the solution to the problem of section 1. 
Corollary '4. From the relation (5.13), we get 



•■- it) 



nl _ n{n - \)- - [n -(k - 1)] 
k\in - ky. 1-2- ... -k ' 
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/ • * * 

This IS the' traditional high-school expression for the binomial co- 
efficient. 

Corollary 5. From the relation (5J4) and corollary 1, we conclude: 
(1 + xr^\+nx+ ^^V^^ + 

This is the traditional high-school form of Newton's binomial formula. 

Corollary 6. The relation (6.10) gives the traditional high-school 
formula for the nuhiber of combinations 
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